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» Graph (V, E)
» source-sink pairs, (sg, tx): paths Py

» Congestion on edge e: ce : ¢ > Ce(e), increasing
» Player x € X distribution 7(x).
» Population X: distribution % = ﬁka m(x)dmy(x)

» Loss on path p: (p(1t) = Zeép ce(®e) where ¢ = My

Figure : Example network

Nash equilibrium

» 1o € N if for all k, for all p € P, with positive mass, Eé(,u) is minimal on P

» How to compute Nash equilibria? Solution to a convex optimization problem

o (Mp)e
minimize APy APk V(n) = Z/O ce(u)du
€

» How do players find Nash equilibria? Online learning.

Online Learning

» Every player x € X, maintains distribution W(t)(X) e APk over paths.

» Example: Hedge algorithm: update the distribution according to observed loss
k(t+1 k(t
7Tp( ) X 7Tp( )exp (—ntfg(w(t)))

» Discounted Regret
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Re!V(x) = 3 e (m(x), £ (D)) = S meth(ul?)
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» Regret bound

T 0
maxp R;(n )(X) - —P|“7Tr(ni)n(x)+pztgﬂ7%
ZtT:1 o Zthnt Zthﬁt

» Potential bound

Average distributions

Convergence of average distributions

(t) _ Sr<etrpl”)

If discounted regret is sublinear, fi\") = converges to ).

E:TgtnT

Convergence of a dense subsequence
Convergence of a dense subsequence

For a potential game with convex potential V, under a MD algorithm with appropriate 7, a dense
subsequence of (u(t)); converges to V.

ZtET:thnt 1
ZthUt

» subsequence (M(t))teT converges, and lim1_,

Does (p(t)); converge?

Sufficient conditions for convergence of (u(!);

» 1f V(1{1)) converges (1u{t) need not converge), then
(1)) — v,
» 1lt) — N/ (V is continuous, 11 € A compact)

Simulation: convergence of i)

—7->2->4->6->3->8 —7->2->4->5->3->8 —7->2->3->8 —7->2->4->6->3- ——7->2->4->5->3- ->3-
| | |*7->2->4->6->3->8f7->2->4->5.>3->8—7.>2.>3.>8| | 7->2->4->6->3->8 — 7->2->4->5->3-> >2->3 >3|

(b) Distributions ,u/,;(t), p € P (c) Path losses (")) (d) £5(3 < 1)

(a) Trajectories (,Uk(t))t

Figure : Constant step size 1. ilY) converges, but ;{t) does not.

Simulation: convergence of (,u(t)) with decreasing 7;
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(a) Trajectories (1<(")),. (b) Path flows ,u’;, p € Pk

(c) Path latencies E,’;(,u(t))

Figure : harmonic step sizes. u(f) converges.

Replicator dynamics

Imagine an underlying continuous time. Updates happen at n1,n1 + 1o, . ..
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Figure : Underlying continuous time

In the MD solution ,uE,Hl) X ,u,gt) exp (—nfé(u(t))), take n — 0

Replicator ODE

Vp € P 212 — iy ({K(u), 1) — () / ()

dt

Convergence of the continuous-time dynamics

» V is a Lyapunov function for the ODE (1)

Every solution of the ODE (1) converges to its stationary points.
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Approximate REP algorithm

b0 RO KO (), RO () s b
‘Z?:ﬁ 77I=U("“+1)H =0

Under any AREP algorithm with sublinear regret, ,u(t) — N

(U(t))tzl perturbations, with lim, . MaX,, s ne<T

(1) Show that discrete trajectories approach the solution trajectories of the ODE.
(2) Consequence: V(1)) converges.

Hedge _

) o k) e (—nte’;(u(t))//)) ettt ke KO (<€k(u(t)), uk(t)> — éﬁ(u(t))) /p

(t+1)

. me
€ arg m'”ueA< (“p ),,u> + %D(ullu(t))

2
_1>

minimize,,c A V(1)

Algorithm 1 Mirror Descent Method
1. for t € N do

> pltt) = argmin, e <V V() u> + £y (1, 1Y)
3. end for

Both Mirror Descent algorithms 1
- Hedge: D(ullv) = 3y D (1[114)

- REP: D(s11) = 3 54 Sy, v

Q;Eir

Example:
- Take Dy(p v) = S D (1%, v¥)

» Objective decomposes, solution is exactly Hedge on each APk

Then (0
1
[ e V(i) <
Dt<T Nt D t<T Nt
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Dy (147, u)) +

Strong convergence of Mirror Descent

If n¢ small enough, MD update guarantees V(u(t+1)) < V(,u(k)). Then pu{t) — A,
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e V()
//V(’u(tJrl))

V()

V()

== V(D) 4 (v (), p— u®)
== V() (V) = u Oy + LDy (u, n )

(a) Large n

- V) (Vv ) = u®)
— = V) (V) p = ) 4 LDy, D)

(b) Small n

Figure : Mirror Descent iteration for a function with L-Lipschitz gradient.

B ﬂ(t) — N under no-regret updates.
> ,u(t) — N under no-regret AREP algorithms (includes Hedge and REP)

Open questions: can one guarantee convergence

» Under different learning rates per population?
» In the presence of perturbation on losses?




