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(5.1) Show that there exists a continuous function F : [0,1] — R which is monotonic on no interval of
positive length.

proof We know there exists a continuous function F': [0,1] — R that is nowhere differentiable. Then F is
monotonic on no interval of positive length. Indeed, assume by contradiction that there exists an interval I
with m(I) > 0 and F' is monotonic on I. Then by Lebesgue’s theorem, since F' is monotone on I, F” exists
almost everywhere on I. This contradicts the fact that F' is nowhere differentiable.

(5.2) Construct an example of a nondecreasing function F' : R — R such thar F’(x) exists for every z € R,
yet F’ is not continuous.
proof Consider the function
F:R—R
x— F(z) = {

€T ifx <0
22(sin(1/x) + 1) +z ifz >0

Continuity of f We have F is continuous on (0, +00) and (—o0,0). F is also left continuous at 0, and it
remains to show right continuity at 0. We have for all z > 0, 0 < sin(1/z) + 1 < 2, thus

x< F(z) < 222 + z
and both sides converge to 0 as = tends to 0. Therefore

lim F(z) = 0 = F(0)

and F' is continuous at 0.

Differentiability of f We have F is differentiable on (—o00,0), and for all © < 0, F'(z) = 1. F is also
differentiable on (0, +00), and for all z > 0,

F'(z) = 2z(sin(1/z) + 1) — cos(1/x) + 1

and since 1 — cos(1/z) > 0 and sin(1/z) + 1 > 0, then F(x) > 0 for all x > 0. For differentiability at 0, we
have P F0
L B() - F(0)

=1 sin( 1 1=1
Jip ———4 x%xbln( Jx)+x+



since for all z > 0, |zsin(1/z)| < z. We also have
L Fla) - F(0)
\,0 r—0 2\0

therefore F' is differentiable at 0 and F’(0) = 1.

Therefore F” exists everywhere, and satisfies Vo € R, F’(x) > 0, and as a consequence, F is non decreasing
on R. However F’ is not continuous at 0 since in the expression F’(x) = 2z(sin(1/z) + 1) — cos(1/z) + 1 all
terms converge as x \, 0 except cos(1/z).

(5.3) Let f be areal valued function of bounded variation on an interval [a, b]. Show that if f is continuous
at some x € [a, b], then z — V f([a, z]) also continuous (where V;([a, z]) is the total variation of f on [a, z]).

proof We overload the notation of the variation V, such that if P) is the partition 29 < 21 < -+ < a,

then
Zm @)

and the total variation of f on a segment is the supremum

Vi(la,b]) = sup Vi(P)
PeP([ab])

First, we prove the following

Lemma 1 If f is of bounded variation, and o < B < vy, then
Vi(len, 7)) = Vi([a, B]) + Vi ([8,7])

For any P partition of [«a,~], consisting of the points &« = z¢p < -+ < z, = v, let x;, be such that
Zip < B < xjy4+1. Then we have

Zlf i)l
20 i0+1
< (Z [f (@) = fla)| + 1 £(8) - f(ﬂ%)l) + <f<:mo+1 B + Z HED) x1_1>|>

< Vy(lo B) + Vy([8:7)

thus taking the sup over all such partitions, we have

Vi(la, ) < Vi(le, B]) + Vi (18:7])

To show the reverse inequality, we have for all € > 0, there exist P and P’, partitions of [, 5] and [5, 7]
respectively, such that

Vi(P) > Vi(le, B]) — €/2
Vi(P) > Vi([B8,7]) — /2
now consider P U P’. This is a partition of [a,~], and
Vi(la,n]) 2 Ve(PUP')
> Vi(P) + Vi (P)
> Vi ([e, B]) + Vi ([8:7]) =
since this holds for all €, we have Vi ([a,v]) > Vi([av, B]) + V¢([8,7]) and the Lemma is proved.



proof Let z € [a,b] be fixed, and let f be continuous at z. We first show that V() is right continuous at
x. Let € > 0. We seek to find 6 > 0 such that for all y € [a,b], |y —z| < § = |V (f)(x) =V (f)(y)| <e.

By definition of the total variation of f on [z,b] (which is finite since f is of bounded variation), there
exists a partition Py ) of [z, b] such that

Vi(Plew) = Vi([z,0]) —¢/2

let z1 be the smallest point in P\ {z}. By continuity of f at z, there exists § > 0 such that if |y — 2| < 4,
then |f(z) — f(y)| < €/2. Let 6’ = min(d, 21 — ). Let y € (x,2 4+ &) (this ensures that z <y < z1). Now
consider the partition [z, b] obtained by adding y to P

P[/m’b] = Py U {y}

By the triangle inequality, we have
Vi(Pl ) 2 Vi(Pra )

Finally, consider the partition of [y, b], obtained by removing 2 from P’[z, ]
Py = Py \ {2}

we have
Vi(Plp) = (@) = F)+ Vi(Pyw) < €/2+ Vi(Pyp)

Combining these inequalities, we have

Vi(lz,y]) = Vi ([, 0]) = Vi ([y, b]) by the Lemma
< Vi(Pap) +€/2=Vi(ly, b])
S Vi(Ploy) +€/2 = Vi(ly, b))
<€/2+ Vi(Pyp) +¢/2 = Vi([y,b])
<e

Therefore Yy € (x,x + ¢'), Vi([z,y]) < e. Therefore x — Vj([a,x]) is right continuous at z. A similar
argument shows that it is left continuous at x, hence continuity.



(5.4) Let K C R be a countable compact set. Show that there exists a Borel measure p such that u(K) = 1,
p(R\ K) =0, and p({z}) =0 for all z € R.

proof 1If there exists an open interval I such that I C K and p(I) > 0, then the measure p defined by

1 1
wE) = mm(EﬂI) = W/El]dm

satisfies the desired properties, since pu(K) = M(ll),u(l) =1L p(R\ K) = ;i5u(0) = 0, and for all = € R,

u({z}) = Asm(fey N 1) =o.
Now consider the case where there exists no such interval, i.e. int(K) = (). K¢ is open, thus is a countable
union of disjoint open interval.

K= UnENIn

where each I,, = (a,, by,).
Inspired by the construction of the Cantor function, we seek to construct a sequence of functions F,, that
are continuous non decreasing, and that satisfy:

Ym >n, |F, — F,| <27"

and such that their limit is constant on K°. We organize the construction in “generations”, where in each
generation n, we have 2" + 1 intervals (I, ), k € {0, ...,2"}, and such that

o I, 1 is always (strictly) to the left of I, k41, i.e. by i < an k+1

e the set of points in K between any two consecutive intervals is uncountable, i.e. for all &, (b, k, Gn k+1)N
K is uncountable.

More precisely, for n = 0, we observe that since K is bounded, there exists ng such that a,, = —oo and
ny such that b,, = +o0.

Ioo = Ip,
Ioq = 1Ip,

then we have the desired properties. Then by induction, assume {1, 1 }; constructed. Then for all even k,
define 1,11 x/2 = Ink, and for all odd £, find an interval (am,bn,) such that by, /0 < am < by < @y /241
such that (b, ;2 < am) N K and (bn)k/Q < am) N K are both uncountable. The following Lemma guarantees
that we can do this construction

Lemma 2 If J C [«, 3] is an uncountable compact set with empty interior, then there exists an open interval
(a,b) C J¢ such that [o,a] N J and [b, 5] N J are both uncountable.

The complement of J is open, thus is the countable union of open intervals J¢ = U, enI,. By contradiction,
assume that for all n, one of (o, a,] N J and [b,, 8] N J is countable. Call it C,,. C' = U,enCy, is a countable
subset of J, thus J \ C is uncountable. Let 2z < y be two points in J \ C. Since J has empty interior, there
exists z € (z,y) N J¢, in particular there exists n such that z € I,,, and I, C [x,y]. Therefore 2 and y cannot
be on the same side of I,,, and one of them has to be in C,,. This contradicts the definition of x,y. This
concludes the proof of the lemma.

Now that the intervals I,, ; are constructed, we can define F, : R — [0,1] by

Fo(x)=k/2"Vz € I},

T—bn i
an‘kfbn,k
non decreasing. We also have that for all m > n, F,,, agrees with F,, on Uil 1, and for all = ¢ Uy I, 1 there

exists k such that x € [by, k, an k+1], then both F,(x) and Fy,(x) are in [k/2", (k 4+ 1)/2"], therefore

and F, is affine between b, ,, and ay, k41, i.e. F(z) =2""(k+ ). By construction, F;, is continuous

sup |Fy, (z) — Fi ()] < 27



and (F,), is a Cauchy sequence (for the sup). Then it converges and its limit F' is continuous (for every z,
(Fy(z))y is Cauchy, thus it converges. Let F(x) be its limit. Now (F — F,,) converges uniformly to zero,
therefore F' is the uniform limit of continuous functions and is continuous).

F' is also nondecreasing as the limit of a sequence of nondecreasing functions. Finally, F' is constant on
each interval I, C K°. Indeed, let z < y € I,,, and let € > 0. We show that |F(z) — F'(y)| < €. Let m such
that 2=™ < ¢, and consider the intervals I, , k € {0,...,2™}. If I, is one of these intervals, then we are
done (F is by definition constant on such intervals). Otherwise, there exists k such that by, < x <y < by i
(the intervals that form K¢ are disjoint). Therefore k/2" < F(x) < F(y) < (k+ 1)/2™, which proves that

|F(y) — F(z)] <27" <e

since this holds for arbitrary e, we have equality.



(5.5) Find all continuous nondecreasing functions F' : R — R such that F’(z) = 0 for all but countably
many z € R

proof Any such function is constant. To prove this, let a < b € R. We seek to prove that F'(a) = F(b).
Let E = {x € R|f'(x) = 0}. The complement of F is countable by assumption, so let E¢ = {b,,n € N} be
the set of “bad” points.

Now let € > 0. Let € E. We have f'(z) =0, i.e.

i 4 W) = f(2)

y—=xr Yy — T

=0

Thus there exists d, such that
Vy € B(x,6:), |f(y) — f(2)] < ely — x
For all b, € E¢, by continuity of f at b,, there exists dp, > 0 such that
Vy € B(bn,,,), [f(bn) = f(y)| < €e/27

The open balls {B(z,d,),x € E} U{B(by,d,),n € N} form an open cover of R (indeed, R = E U E°, and
for all x € E, x € B(x,¢,), and for all b, € E°, b, € B(bs,d,)), so in particular, it forms an open cover
of [a,b]. Since [a,b] is compact, we can extract a finite subcover, thus there exists a finite set of points
a<xz; <---<xzg <bsuch that [a,b] C UleB(xk,(Sxk). Denote by By, = B(zg, s, )-

We assume, without loss of generality, that the set { By, ..., Bk} is minimal (for inclusion). In this case,
we have for all k, By N Bxy1 # 0 1. For all k € {1,...,K — 1}, let py € Bx N Br11, and let py = a and
pr = b. This defines a partition

a=po<p1<--<prg=0b

such that for all k € {1,..., K}, px—1 and px are contained in Bj. Therefore we have

K
F(b) = F(a) =) |F(px) = Fpr—1)]
k=1

and for all k, |F(pr) — F(pk—1)| < |F(pr) — F(ag)| + |F(xr) — F(pr—1)|, two cases can occur
e if z; is a good point (i.e. z; € E), then
|F'(pr) — Fzp)| + | F(zr) — F(pr—1)| < €lpr — x| + €lzr — pr—1] = €lpr — pr—1]
e if z; is a bad point, i.e. xx = b,, for some n, then

|F(pr) — F(xp)| + [F(x) — Fpr—1)| < 2¢/2"

therefore

F(b) = F(a) = ) _|F(pr) = F(pr-1)|

M=

k=

K
< Zf\pk = Pr—1| + ZQE/Qn
k

1
=1 neN
< elb—1]+4e

since this is true for arbitrary ¢ > 0, we have F(b) — F(a) = 0.

Yif B N Bpy1 = 0, then o + 62, < Tpy1 — 6z, and there exists p such that
T+ 0z, <P < Tt — Oy

i.e. pis not in By U Bg41. Since we have a cover, there exists k' such that p € Bys, but then we either have ¥’ > k + 1, in
which case By D Byy1, or k' < k, in which case Bys D By. Both cases contradict minimality of the cover.



(5.6.a) Show that if p € [1,00) and f € LP(R™) with respect to the Lebesgue measure, then the mapping
¢:R" — LP
t=o(t)=fi=v flx—1)

is continuous. In particular, lim; .o f; = f in LP norm. Here LP is the metric space of equivalence classes.

proof Let e > 0. We have the space of continuous compactly supported functions (Cp) is dense in LP.
Therefore there exists a function g € Cy such that

1f = gllp <€/3

We also have for all ¢, || — gillp < €/3 since || fe — gell} = [po [f (@ —1) — g(z = t)Pdw = [5. |f(y) — g(y)[Pdy
by the change of variable y = x —t. Now we have by the triangle inequality, for all ¢,

1F = Fello < WF = gllp + lg = gellp + llg: = fill
<e/3+g—allp+¢/3
in order to bound the term ||g — ¢:|/p, we use the fact that there exists a compact K C R™ such that g is
zero outside of K. Then let K’ = K 4+ B(0,1) = {z + y|z € K, |y| < 1}. Then we have for all |t| <1, g, is

zero outside K’ (g:(x) #0=g(z —t) #0 =2 —t € K = x € K'). Therefore for all |t| <1, g — g: is zero
outside of K’, and

lg — gell2 = / 19— gi|Pdm
KI

g is continuous on the compact set K’ + B(0,1), then ¢ is uniformly continuous on that set, and there exists
d >0 (and ¢ < 1) such that for all z € K’ and for all t € B(0,9), |g(x) — g(z —t)| <

Then for all ¢t € B(0,0), integrating over K’ we have

SAFmR) -

lg = gellp < m(K7) <e€/3

€
3(1+m(K")) —
therefore for all t € B(0, )

1f = fellp < 3¢/3

which concludes the proof.

(5.6.b) The previous result is false for p = co. However, show that if f € Cy(R™) (continuous functions
with a bounded support), then

tim £, — flloo =0

proof Let f € Cy. Then there exists a compact K C R™ such that f is zero outside K. As previously,
consider K’ = K + B(0,1). We have for all ¢t € B(0,1), both f and f; are zero outside K’

Since f is continuous on the compact K’ + B(0,1), it is uniformly continuous. Let ¢ > 0. Then there
exists 6 > 0 (and ¢ < 1) such that for all z,y € K’ + B(0,1), |z —y| < 6 = |f(z) — f(y)| < e. Then for
all ¢ € B(0,6), we have for all € K’, both z and = — t are in K’ + B(0,1), and |z — (z — t)| < 4, thus
[f(z) = fi(2)] <e.

Therefore for all t € B(0,6), we have for all z ¢ K’, f(z) = fi(z) = 0,and forallz € K', |f(x)—fi(z)| <,
therefore

1f = fillo < sup |f(z) = fi(z)] <€
zER™



this concludes the proof.

(5.6.c) Suppose that f € L°, and that || f; — f||cc = 0. Must f agree almost everywhere with a continuous
function?



